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In laboratory experiments of simulated atmospheric mixed layers the entrainment 
zone is investigated from measurements of horizontally averaged temperature and 
buoyancy flux, and from visual observations of penetrating thermals using a spread 
laser beam. The region of negative buoyancy flux of entrainment is found to be 
confined between the outermost height reached by the few most vigorous penetrating 
parcels, and by the lesser height where mixed-layer fluid occupies, usually, some 90 
to 95 % of the total area. The height of most negative buoyancy flux of entrainment 
is found to agree roughly with the level a t  which mixed-layer fluid occupies half 
the area. 

The thickness of the entrainment zone, relative to the depth of the well-mixed 
layer just beneath, is found to be quite substantial (0.2 to 0-4), and apparently de- 
creases only asymptotically with increasing ‘overall ’ Richardson number, Ri*. The 
thickness is not well predicted by parcel theory. 

Extensive detrainment is found to occur within the entrainment zone, and adds 
to the difficulty in defining the position of the local interface between mixed-layer 
fluid and unmodified fluid. 

For typical Ri* values occurring in the atmosphere, the dimensionless entrainment 
rate is found to be given satisfactorily by 0-25(Ri*)-1, although an (Ri*)-$ dependence 
cannot be ruled out by the present data. Entrainment into a neutral layer in the 
absence of a capping inversion is found to proceed at the expected rate. 

1. Introduction 
The outermost portion of a mixed layer where non-turbulent fluid is entraining but 

is not yet incorporated into the well-mixed layer may be called the ‘entrainment zone ’. 
The same layer has also been termed the ‘transition layer’ by Malkus (1958) and Price 
(1979), the ‘more stable layer’ by Betts (1973), the ‘capping stable layer’ by Carson & 
Smith (1974), and the ‘thermocline’ or ‘thermocline eIosion zone’ by numerous 
oceanographers. It is defined in an ensemble-mean or horizontal-average sense, in 
contrast with the local position of the surface which (when definable) separates mixed- 
layer fluid from less-turbulent unmodified fluid. The latter surface has been called the 
‘entrainment interface’ by Phillips (1972). The overall zone containing the main 
convolutions of the entrainment interface constitutes the entrainment zone which 
is the topic of this paper. The thickness of this zone, to be designated by Ah, is, when 
horizontally averaged, typically 25 % of that of the well-mixed layer itself. It therefore 
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FIUURE 1 (a). For legend see page 43. 

may need to be treated explicitly in mixed-layer growth theories, most of which 
presently assume its thickness may be neglected. In recent theories of stratocumulus 
layer growth or maintenance, the positioning of long-wave radiative flux divergence 
near cloud top has assumed importance (Kahn & Businger 1979; Lilly & Schubert 
1980; Randall 1980; Deardorff 1976), and knowledge of how the mixed-layer fluid or 
cloudy air is distributed within Ah would be very useful. 

There is thus considerable incentive to explore the entrainment zone, since existing 
knowledge of its thickness and structure a t  the edge of a convectively mixed layer is 
very scanty. Recently, the laboratory penetrative-convection tank described by 
Willis & Deardorff (1974) has been modified and utilized for this purpose, and we shall 
report the results of such studies here. 

2. Simulation tank and associated equipment 
The laboratory convection chamber used in this study has been described by Willis 

& Deardorff (1974) and is pictured in figure 1. It has a nearly square horizontal cross- 
section, 1.14 m by 1.22 m. In preparation for an experiment the tank is first partially 
filled with a layer of neutrally stratified water at  a temperature near 20 "C to a depth 
of 0.2 m. Above this layer either a stably stratified layer or a less dense neutral layer 
is laid down with a thickness of about 0.3 m. The water is both degassed and de- 
ionized. An experiment commences when hot water is circulated underneath and in 
contact with the bottom aluminium plate of the tank. The bottom plate temperature 
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FIGURE 1. (a) View from above of the convection chamber, showing T-bar wire, A ;  its two 
insulated support wires of 0.6 mm diameter, B ;  two support rods, C, and four vertical support 
rods, D ;  the two vertical plastic side partitions which isolated the T-bar support rods, E ;  the 
tank acrylic plastic side walls, P; and the four siphon pipes in the corners, G, which provided 
horizontal divergence. (b )  An enlargement of the circled portion of (a), showing one of the four 
corner supports for the T-bar wire. 

thus produced is nearly uniform in the horizontal (the root-mean-square temperature 
variations being about 1.6 yo of the mean surface to  mixed-layer temperature drop). 
After thermal convection is initiated the lower neutral layer quickly becomes a turbu- 
lent mixed layer and then advances gradually into the outer stable layer or less dense 
layer. Various initial conditions have been utilized, leading usually to a mixed-layer 
growth from 0.03 m to 0-15 m over a time period of 10 to 20 min. 

I n  most of the experiments a constant horizontal velocity divergence is applied by 
means of vertical siphoning pipes (with evenly spaced holes along the vertical) located 
one in each of the four corners of the tank. This gradual mass sink yields a mean sub- 
sidence rate which, a t  the top of the mixed layer, has a magnitude of from 10 yo to 
100 yo of the entrainment rate. The motivation for this system was to suppress weak 
secondary circulations apparently arising from the corners of the tank, but it also 
serves to  simulate large-scale oceanic upwelling or atmospheric subsidence. 

Horizontally averaged temperature within the convecting water is measured 
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through use of a long, fine (0.08 mm) resistance-wire thermometer (T bar wire) shown 
in figure 1 (a) .  Its main supporting members are located behind vertical partitions 
just inboard of the outer tank side walls, as shown in figure 1 ( b ) ,  in order to avoid 
excessive wake effects when the system is moved vertically. The wire encompasses a 
horizontal plane of the tank by extending back and forth horizontally across the tank 
20 times. Its mean height is adjustable and determined to a relative accuracy of 0.1 mm 
and an absolute accuracy of 1 mm. One or two thermocouples are located a t  the same 
height as the T-bar wire for purposes of exploring the local interface as well as for 
calibrating the T-bar wire just before convection is initiated in each experiment. 
The T-bar wire and thermocouples are programmed to cycle repeatedly during an 
experiment from a height of about 0.4 m down to 0.02 m and back, a t  a speed usually 
set at 0.01 m s-l. The mean temperature has a relative accuracy of about 0.01 “C. 

From various tests it has been determined that the signal produced by the T-bar 
wire was proportional only to mean temperature and not to the vertical traversing 
speed or to strain gauge effects. Effects of the wire and thermocouple wakes are 
believed to be small in comparison with those of spurious secondary circulations 
possibly induced by the walls or persisting after filling the tank. The latter effect 
gave rise to spurious ‘turbulent’ heat fluxes with magnitude of about 2 % of the 
surface input heat flux. 

A 5 mW He-Ne laser beam of thickness 1 mm can be passed through one of the 
acrylic side walls of the tank to determine the spatial distribution of mixed-layer 
fluid when the latter contains a dilute solution of milk. This laser is used in one of 
three different modes of illumination: (1) for visually estimating at  various heights 
the percentage area occupied by mixed-layer fluid, the beam is spread horizontally 
with a cylindrical (rod-shaped) lens to cover the entire tank area; (2) for photo- 
graphing horizontal planforms, the entire tank area is illuminated by rotating the 
beam horizontally along an arc while the camera shutter is held open for about 10 s; 
and (3),  for photographing a vertical cross-section, the horizontally directed beam is 
traversed vertically over the depth of the mixed layer while the camera shutter is 
held open for about 25 s. In  the latter two modes of operation, the beam thickness is 
about 2 mm. 

The raw data are digitized at  a rate of 200 points per second per variable and 
written onto magnetic tape for analysis. In the analysis, the temperature and height 
data are averaged in groups of 16, leaving one data point per variable for each 0.8 mm 
along a vertical traverse. 

In the computer analysis the turbulent heat flux is determined from the vertically 
integrated, horizontally averaged thermodynamic equation : 

- 
w’O’(2) = Jzh3 (aB/at + w a s p )  dz + K[aB/az  - (aB/az),], 

where O refers to temperature in the convection tank (or to virtual potential tempera- 
ture in the atmosphere), the subscript 3 refers to a height in excess of the uppermost 
reaches of the mixed layer where can be assumed to be essentially zero, the over- 
bar refers to the horizontal average, and K is the thermal diffusivity of water, taken to 
be 0.145 mm2 s-l. 
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3. Distribution of mixed-layer fluid within Ah 

zone are shown in figure 2 (a)-(e) (plate 1).  The relative height, 6, is defined by 
Photographs of mixed-layer fluid at five relative heights ( g )  within the entrainment 

Y = ( z  - h,)/Ah, (1) 

where z is height, h, is the particular height near the top of the thoroughly mixed layer 
where the turbulent heat flux first reaches zero, and Ah is defined as 

(2) 

where h, is the smallest height beyond which the buoyancy flux and its vertical 
derivative remain vanishingly small. As will be seen later, h, corresponds very closely 
to the outermost height to which only a few penetrating elements barely reach at 
any given time, and h, corresponds to a height where only a small percentage of the 
fluid remains unmodified and unmixed. 

At 6 = 0.87, figure 2 (a)  reveals the presence of several penetrating plumes of small 
diameter, some of which appear in clusters having a common 'parent' dome just 
beneath. At this height and time the fractional area ( A )  covered by mixed-layer 
matter is estimated to have been 0.012. Figures 2 (b)-(e) show monotonically increasing 
mixed-layer cover, A ,  at decreasing relative heights: A = 0.063, 0.13, 0.31, and 0.52 
at 6 = 0.77, 0.71, 0.60, and 0.46, respectively. The photographs were all taken during 
a single experiment, E7 of table 1,  a t  the fixed height of 0.278 m while h, increased 
and 5 decreased. 

For reference, profiles of the mean potential temperature (or virtual potential 
temperature in the atmospheric analogue) and turbulent heat flux occurring approxi- 
mately at  the times of figures 2 (a)-(e) are presented in figures 3 and 4, respectively. 
The temperature profiles indicate that this case was one of nearly constant stratification 
aloft; the horizontal divergence, of magnitude 8.8 x s-l, produced subsidence at  
z = h, which retarded the mixed-layer growth rate by some 38 yo. Profiles ( a )  and ( e )  
were obtained while the long resistance wire was moved downwards. Consequently, 
they exhibit a slightly more superadiabatic-appearing mixed layer than that which 
exists instantaneously, since at any height within the mixed layer 8 increases slowly 
with time as the sensor moves toward the lower boundary. Similarly, profiles (b) - (a) ,  
gathered in the upward direction, appear slightly less adiabatic than the instantaneous 
mean state. 

The profiles of heat flux (w'8') were each derived from a pair of successive upward 
or downward profiles of 8, and represent an average over a 75 s time interval (corres- 
ponding to about 3 convective time scales 7 = h,/w*, where w* is the mixed-layer 
convective velocity scale). Each heat-flux profile is centred in time with the corres- 
pondingly labelled temperature profile. By doubling the averaging time over which 
w'0' profiles were calculated in a typical experiment, it was determined that the 
eetimate of Ah was increased by only 7 yo. This verifies the photographic evidence 
that the considerable magnitude of Ah, relative to h,, is a real feature and not an 
artifice of the data collection or analysis methods. 

At  the height of most negative buoyancy flux, the ratio of the molecular heat flux 
to the total heat flux lies in the 5-15 % range in our experiments. This ratio approaches 

Ah = h, - h,, 

- 
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FIGURE 3. Horizontal-mean temperature profiles in E7 occurring at  about the same times aa 
photos (a)-(e) of Fig. 3. The labels Down and Up refer to direction of movement of the resistance- 
wire thermometer during the traversing measurement. Brackets on upper parts of profiles denote 
the entrainment zone, Ah, based upon time-smoothed analyses of h, and h,. 

100 yo as z + h,. The latter fact implies that mixed-layer turbulence rarely reaches 
h,, and does not imply that what turbulence does occur there is weak. 

Within the layer Ah, variable amounts of mixed-layer fluid are seen to coexist with 
unmodified fluid in figure 2. Using the horizontally spread laser beam, the fraction A 
of mixed-layer fluid existing a t  a given height ( was determined visually from two 
particular experiments of different types : E I, constant positive stratification aloft 
( rAh/AB = 1.25, where A8 is the strength of the capping inversion across Ah, and I? 
is the rate of change of mean potential temperature with height a t  z = h,); and E 2, 
a nearly two-layer system with r quite small ( rAh/AB = 0.04). Subsidiary data on 
E I and E 2 are supplied in table I. The results of the two experiments are shown in 
figures 5 and 6, respectively, where 1 - A  is presented as the lower abscissa. Within 
the accuracy of the estimations of A by eye (probably f 10 % for either A or 1 - A ,  
whichever is the smaller) both experiments E 1 and E 2 exhibit the same general 
distribution. (Error bars in the vertical direction are associated with small uncertainties 
in h, and Ah.) 

Both figures 5 and 6 indicate that a t  z = h, the fraction of mixed-layer fluid is some 
90 to 95 %. Only a t  considerably smaller heights can the fluid be considered to be 
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FIGURE 4. Mean profiles of kinematic turbulent heat flux at the respective times of the 6 profiles 
of figure 3. The molecular heat flux is not included within the abscissa variable. 

99 % mixed, for example, and then only if the entrainment rate, relative to the con- 
vective velocity scale, w*, is not too great (not exceeding about 0-03 to 0-04). 

In the central portion of the entrainment zone A ( 5 )  is seen to  decrease very rapidly, 
and nearly linearly, with height. A long tail of small A values extends up towards 
z = h,. The existence of such a tail is not too surprising, since the updrafts existing at 
z = h, must possess a statistical distribution such that only a tiny fraction have 
velocities greatly in excess of the standard deviation a t  h,. Thus, only a tiny fraction 
of mixed-layer material will have penetrated to  z = h,(t) a t  any given time. These 
highest domes are very transitory, falling back rapidly, after over-shooting, into 
broader domes just underneath. 

The one-to-one correspondence between A(5)  and certain features of W'e'([) is 
shown in figure 7 for experiment E 1 and in figure 8 for E 2. These and other like results 
form the basis for our conclusion that h, OCCUTS a t  the greatest height to  which very 
small amounts of mixed-layer fluid can penetrate. I n  addition, the height of most 
negative buoyancy flux, %, is usually found to occur where A is about 0-5 as in these 
examples. For purposes of estimating representative values of h ,  and h,,, we have used 
smooth curves faired through the h, and h, data points, as in figures 7 and 8. 

For reference, in figure 5 the scaled temperatures 

B = (8 - e,)/(e, - O,), 
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FIGURE 5 .  Fraction of mixed-layer fluid, A (upper abscissa), as a function of relative height, <, 
within the entrainment zone for experiment El. Profiles of normalized mean potential tem- 
perature 6, 6, and 6,, (see (4)) shown refer t o  the lower abscissas, on which 1-A is alsoplotted. 

t 
5 z 

FIGURE 6. Fraction of mixed-layer fluid, A (upper abscissa), as a function of relative height, [, 
within the entrainment zone for experiment E2. Profiles of normalized mean potential tem- 
perature, 0 and Om, are also shown. 
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FIGURE 7.  Evolution of h,, TL and h, for experiment El as determined from many individual 
buoyancy-flux profiles. Also plotted from visual laser determinations are the height of greatest 
penetration of a thermal element a t  the given time ( x ), the height of 50 yo mixed-layer coverage 
( + ) and the estimated height of 90 yo mixed-layer coverage ( 0). , h, from w " ( z )  ; O,& from 

W'B ' ( z ) ;  ., h, fromw"(z). 

are also presented, where O2 and 8, are 8 a t  z = h, and h,, respectively, 8, is the mixed- 
layer potential temperature a t  z = +h0, and Ben(z) is the unmodified value of 8 ( z )  
existing a short time earlier. There is considerable similarity between the quantity 
(1 - A )  and the scaled temperature 8e,, defined by ( 3 c ) ,  and in figure 6 with 8, which 
for the two-layer system amounts to the same quantity as The similarity comes 
about because 8(5) can be considered to a first approximation to be formed from a 
bimodal distribution of fluid elements having either the temperature Om or the un- 
modified environmental temperature e,,(z) : 

Hence, 

and 

In figure 5 the Re, curve does not extend far, however, because of difficulty in estimating 
8,,(z) of the stably stratified, entraining fluid existing between mixed-layer hummocks. 
Other reasons for inexactness of ( 4  b )  involve modification of mixed-layer fluid within 
Ah by small-scale entrainment, and modification of 'environmental ' fluid by detrained 
mixed-layer fluid to be discussed in 5 4 ,  

4. Detrainment 
Close inspection of figures 2 (c ) - (e )  reveals regions of mixed-layer fluid that appear 

stringy or tenuous and without sharp boundaries. These areas contrast strongly with 
the more prevalent, sharply defined regions that contain 100 yo mixed-la,yer fluid 
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I I I 1 0.20 ‘ 
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Time (s) + 
FIGURE 8. Evolution of h,, Fi and ho for experiment E2 as determined from many individual 
buoyancy-flux profiles. Also plotted from visual laser determinations are the height of greatest 
penetration of a thermal element ( x ), and the height of 60 yo mixed-layer coverage ( + ). 0 ,  
4; 095; ., ho. 

(except for occasional intrusions or entrapment of entraining fluid). Evidently, the 
stringy regions represent mixed-layer fluid that has become detached from the top 
of the mixed layer and sheared out - debris ejected from mixed-layer domes when 
vortices or breaking internal waves occur at  their edges. This process is called ‘de- 
trainment ’, since it is the reverse of entrainment. (An extreme example of detrainment 
is the decay of a tall, penetrating convective cloud or its outflowing anvil; see Namias 
1939.) 

Side views within the mixed layer support this conclusion. Regions of formation 
of detrained fluid are identified in the x, z plane views of figures 9 (a), (b). The illumi- 
nated vertical slice, being only 2 mm thick (0-OOSZ thick), permits the small-scale 
features to be observed much more readily than was possible in the study of Deardorff, 
Willis & Lilly (1969). These relatively small scales occur even in the laboratory because 
the Kolmogorov length scale ( v ~ / E ) # ,  where v is the kinematic viscosity and 6 is the 
average rate of dissipation within Ah, a t  the height was only 1.2 mm. The short arrows 
point to small regions of vortical motion or individual Kelvin-Helmholtz-like billows 
where mixed-layer matter is in the process of being detrained. The long arrows point 
to regions where detrained debris persists. Vorticity with a vertical component, 
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located a t  the side edges of mixed-layer domes, also appears to be important in pro- 
ducing detrainment, as suggested from figures 2 (c)-(e).  

The detrained fluid remains visible for considerable periods of time because of 
reduced turbulent diffusion after being cut off from the rest of the mixed layer. 
However, it is gradually swept back into the mixed layer by the entrainment process, 
which must be aided by residual negative buoyancy which the detrained fluid possesses. 
Thus, a quasi-steady distribution of detrained fluid exists a t  any given time within 
Ah, due to a balance between rate of detrainment and subsequent re-entrainment. At 
5 = 0.5 up to 30 yo of the mixed-layer fluid visible appears to be detrained debris, 
for typical values of capping-inversion stability. (This estimate is an upper limit 
because of the tenuity of the detrained fluid.) This fraction diminishes upwards, and 
in the cases we have examined becomes negligible above 5 = 0.9. Below 5 M 0.4 we 
are unable to distinguish clearly between the original and detrained mixed-layer fluid. 

Similarly detrained mixed-layer fragments are evident in casual observations of 
fair-weather cumulus clouds, although, because of rapid evaporation of cloud material, 
they do not stay visible for nearly as long as would a conservative tracer such as 
smoke. Strong evidence of detrainment near the tops of stratocumulus clouds capping 
a mixed layer has been presented by Goodman & Miller (1976). 

In figures 5 and 6 the estimates of A include the detrained matter, since the latter 
helps modify the mean state within Ah. Eowever, for some purposes, such as likening 
A ( z )  to a turbulence intermittency factor, the detrained matter should not be included 
within A .  

Rayment & Readings (1974) have emphasized the importance of billows at  the tops 
of the larger domes in promoting entrainment. We find that the individual billow or 
breaking wave, though it promotes strong mixing, appears to induce at least as much 
detrainment as entrainment. Later, the detrained matter disappears into the larger 
cusps located in regions of horizontal convergence and entrainment near the base of 
the entrainment zone. In figure 9 ( a )  (plate 2 ) ,  the primary regions of large-scale 
entrainment are in the centre, the 'far left, and possibly near the far right; in figure 
9 ( b ) ,  12 min later, regions of large-scale entrainment appear to be near the far left 
and right only, in this vertical slice. 

5. Analogy between mixed-layer hummocks and cumulus clouds 
It may have been noticed that the uppermost portions of the mixed layer seen in 

figure 9 resemble fair-weather cumulus clouds. The resemblance can be enhanced by 
illuminating the upper mixed layer in depth, when mixed-layer fluid has been dyed 
white, but illuminating only above a particular height that would correspond to 
cloud-base height, or lifting condensation level. This procedure was followed to obtain 
figure 10 (plate 3), where the resemblance to cumulus-humilis clouds is striking. For 
shallow atmospheric cumulus less than about 50 m in vertical extent, the conden- 
sational warming is usually only a small fraction of A@. Therefore, the clouds then 
serve merely as markers of the upper reaches of a clear mixed layer. 

Identification of shallow cumulus with the more pronounced hummocks at  the top 
of the atmospheric mixed layer has previously been made by Uthe (1972) using lidar, 
and by Gaynor & Mandics (1978) using acoustic radar. 
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6. Behaviour of Ah 

The simplest assumption for Ah, which has been used by Betts (1976), is of the nature 

Ah = a’h,, ( 5 )  

where a’ is a constant of order 0.3. 

penetrating parcel (e.g., see Phillips 1977), is 
Another prediction which, however, considers the extent of overshoot of an upward- 

Ah = dho  Ri*-l, (6) 

Ri* = g/3AOE/w$. (7) 

where c’ is a constant of order unity and Ri* is an ‘overall’ Richardson number 
defined by 

Here, g is the gravitational acceleration, /3 is the coefficient of thermal expansion 
(118 in the atmosphere), and w* is the turbulent velocity scale for a convectively 
mixed layer, taken to be 

- 
where g/3(w1Bl), is the kinematic buoyancy flux at  the surface, or heat source. Although 
(6) is more comprehensive than ( 5 ) ,  its derivation neglects (a)  effects of turbulent 
diffusion upon a parcel of mixed-layer fluid that is rising within Ah, ( b )  the non- 
hydrostatic pressure perturbation at  the top of the rising parcel, ( c )  the effect of 
mixed-layer fluid already existing elsewhere at  the same height as the penetrating 
parcel in question, and ( d )  any dependence upon Ri* of the vertical velocity (relative 
to w*) which the parcel possessed at  z = h,. A derivation of (6) and modifications to 
it which address considerations ( c )  and (d ) are presented in the appendix. 

In a series of experiments we have ascertained Ah = h,- h, through indirect 
measurement of turbulent heat-flux profiles, as described in $2 ,  to give h, and h,, 
and by laser illumination to verify h,. Conditions and results of these experiments are 
also listed in table 1. A plot of Ah/ho versus Ri* is shown in figure 11. Although there 
is much more data scatter than we can explain, there is little support for either (5) 
or (6) alone. The scatter is systematic in that the results of any given experiment, 
from which two to four values of Ahlh, were extracted, were essentially reproducible. 
It appears that considerations other than Ri* are important, such as the rate of 
change of Ri* or of r. 

In our experiments intended to treat a two-layer system, Ah usually decreased 
with time at  first as the uppermost penetration height h, worked its way up toward 
the base of the pre-established neutral layer aloft. Then r was large. After h, reached 
this height, Ahlh, increased with time as A0 and Ri* decreased and r was small 
(data points are then denoted by x). 

In figure 11 the dashed curve is 

Ahlh, = 0.21 + 1*31(Ri*)-l. (9) 

The suggestion that an asymptotic value for Ahlh, of order 0.2 exists is very surprising, 
although a theory of Long & Kantha (1978) seems to imply the same. The simplest 
empirical refinement to the derivation of (6) which will produce (9) is given in the 
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FIGURE 11. Log-log plot of Ah/h, versus Ri* defined in ( 7 ) .  0, experiments with strong strati- 
fication aloft (I' > 5 "C cm-1) ; x , experiments with a nearly neutral layer aloft to which 
height h, had essentially penetrated; + , data similar to x 's except that h, had not penetrated 
to the neutral layer aloft. 

appendix. There it is concluded that even a modified parcel theory requires stronger 
vertical velocities at  z = h, than are available, at least for large Ri*, to explain the 
relatively large magnitude of Ah. The same result was obtained by Price (1979) who 
found Ah z &ho in an ocean mixed layer. However, he concluded that the transition 
layer is only slightly penetrated by parcels, while we conclude that assumptions of 
the parcel theory are faulty. 

There may be some question if, in our experiments, the PBclet number, Pe, for 
which one definition is 

Pe = w*i i /K 

was sufficiently large that Ah/h, would not be affected by the molecular diffusivity of 
heat, K .  However, Pe thus defined had very large values around 15 000. An alternative 
definition based upon the length scale Ah (to represent a minimal horizontal length 
scale of the turbulence within the mean capping inversion) and the turbulent velocity 
scale of the turbulent elements there (which would still be w*,  approximately) had 
values of about 4500. This value may perhaps be compared to the value 200 which 
was considered by Linden & Crapper (1974) to be in the 'low Pe' category. We con- 
clude that Pe probably did not affect Ah, but that it must have helped determine the 
thickness of the local interface, which is believed to have been on the order of 1 mm 
in the laboratory. 

For the data points in figure 11 representing strong stratification aloft (circles), Ah 
and A8 often remained nearly constant during a given experiment as h,, and Ri* 
slowly increased with time. Also, there was very little evidence of a capping inversion 
(in the mean) in these cases, with ABlAh often being somewhat less than I? = (@/az),. 
These are characteristics of ' encroachment ), which is a hypothetical non-turbulent 
entrainment associated with warming or 'filling in' of the mixed layer while A 8  and 
Ah are considered to be zero (Carson & Smith 1976). From our measurements, however, 
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we know that the entrainment was highly turbulent and that Ah and A8 were very 
substantial in magnitude. The encroachment was thus a ‘ pseudo-encroachment ’ 
(Deardorff 1979) governed by A0 and Ah remaining nearly constant in time: 

- 
dA0/dt = (dh,/dt - W 2 )  I? - (w’O’),/h, = 0, (10) 

where W 2  is the mean vertical velocity, if any, at  z = h,. If W ( z )  = 0, equation (10) 
yields 

for Ah a constant, since then 

- 
we = (W’@)s/(hor) (11) 

dh2/dt = dZ/dt = dh,/dt = w,; 

equation ( 1  1 )  is the well-known encroachment formula. 
In our experiments for which I? is nearly constant and not small relative to A8/Ah, 

we find that pseudo-encroachment occurred and that rAhlA0 lay between 0.9 and 
1.5. Thus, a capping inversion is not apparent from the mean temperature data in 
those experiments, which include all those in table 1 except E 2,  E 5, E 11,  E 16, the 
last part of E 6 and the first part of E 13. 

As Ri* increases in figure 11,  there is some suggestion that the scatter in Ah/h, 
increases. That result is also present in the data of Wyatt (1978) from analyses of the 
shear-driven entrainment experiments of Kantha, Phillips & Azad (1977). For 
Ri, = 35 she found 6h a h, with little scatter, where Sh is the standard deviation of 
the local interface h(z, y, t )  about its mean position. (From figure 10 we estimate that 
6h x 0.2Ah.) For Ri, as large as 140 there was a factor of 2 scatter in 6h/h,, and no 
apparent dependence of 6h upon h,. The comparison between the two different types 
of experiment is not quantitative, however, because Ri, is an overall Richardson 
number based upon the friction velocity, u*, whereas Ri* in (7) is based upon the 
convective velocity scale, uj*. 

7. Rate of entrainment 
The rate of entrainment, we, has been subject to much study because it determines 

the depth of a turbulent boundary layer at  any given time after some initial time at  
which its depth is known. Considerable success has been attained in relating we/u‘ to 
a function of zAb/u’2 for boundary layers with large PBclet numbers driven by 
mechanical mixing (Turner 1973) or by shear stress (Kato & Phillips 1969; Kantha 
et al. 1977). The velocity scale u’ in the former case is proportional to K / z ,  where K 
is a grid-action parameter with dimensions length squared per time; (see Dickinson & 
Long 1978) which depends in detail upon the manner in which the turbulence is gene- 
ratdd. In the latter case u’ is usually considered to be the friction velocity, u*,  although 
Moore & Long (1971) and Price, Mooers & Van Leer (1978) have instead equated u‘ 
to the velocity jump, Au, across the entrainment zone. 

Dependence of entrainment on Ri*. In turbulence dominated by buoyancy forces, 
wherein 5 greatly or substantially exceeds the negative Monin-Obukhov length, the 
appropriate scaling velocity is w*. The result of plotting (dZ/d t  -Wh)/w* versus Ri* 
using the data of table 1 is presented in figure 12. The range of Ri* encompassed here 
includes most of the (w* based) values to be expected for atmospheric and oceanic 
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R I =  hablw: 

FIGURE 12. Log-log plot of (dlE/dt-Eh)/w* WTSW Ri* from the present experiments: 0, date 
points for which r exceeded 5 “C m-l and aB/az was nearly constant above the mixed layer; 
x , data for which r was less than 5 “C m-1 and the fluid configuration was nearly a two-layer 
system; + , data for which a$/& became less than about 5 “C m-1 above a height of 1.15h2. 
Hatched envelope contains data, spread from experiments of Kantha ( 1 9 7 9 ~ ) .  

mixed layers. The edged envelope includes the spread of data points from a recent 
investigation by Kantha (1979) in which the buoyancy force was generated by 
salinity differences rather than by thermal differences. Although the scatter is great 
in both sets of experiments, the overall agreement between the two independent 
approaches supports the belief that a smooth curve faired through the middle of both 
data sets would represent the most correct estimate. Unfortunately, the data spread 
does not permit estimating with any certainty whether the (Ri*)-t law (Turner 1973) 
or the (Ri*)-I law (Turner 1968) is more appropriate. The latter law, as given by 

we/w* = 0-25(Ri*)-l (12) 

is indicated in figure 12. It appears to represent our data slightly better than the 
(Ri*)-j law. Equation (12) actually follows from the definition of w * and the commonly 
used assumptions that - 

we = - (w’b’)JAb, 

(W’b’)h = - 0*25(w’b’),, 
- - 

- 
where (w’b‘)s is the input buoyancy flux at  the surface. 

As with the Ahlh,, data, the we/w* data were found to be essentially reproducible 
between nearly identical experiments but quite scattered otherwise. In  particular, in 
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the early stages of those experiments which attempted to achieve a two-layer system, 
we/w* as well as Ah/h, was abnormally large. An example is E l 3 ( a )  of table 1. It 
appears that the more rapid entrainment occurring earlier as the heated fluid first 
fills the lower, nearly neutral layer persists for some time afterwards while Ri* rapidly 
increases. Thus, a unique dependence upon Ri* may not be achieved if 

(E/w*) IdRi*/dtl 

exceeds a number of order unity. None of the scatter at  large Ri* can be attributed 
to Pe effects since, in these experiments, Pe was relatively constant. At small Ri* 
of order 1 or 2 and less a flattening of wJw* is expected as a maximum limiting value 
is approached. This limiting value will be discussed at  the end of this section. 

It might be thought that an entrainment theory which recognizes the finite value 
of Ah and allows for it to change with time would perform better than (12). An en- 
trainment relation of Deardorff (1979, equation (30)) is of this type, and utilizes the 
same definition of Ah as used herein. When tested, results from that relationship were 
not quite as good, however, as the use of (12) (for which the root-mean-square deviation 
in observed values of Ri*w,/w, from 0.25 turned out to be 0.084). Apparently, in 
Deardorff’s (1979) treatment the calculated entrainment is quite sensitive to the 
assumption that 8 / 8 2  = 0 a t  z = h, and below. Values of (dAh/dt - A w )  are included 
in table 1,  where Aw = W z  -Go, to permit theories which involve Ah to be tested. 

Relation between (1 1 )  and ( 1  2). The relation between pseudo-encroachment from (1  1) 
and entrainment predicted from (12) is quite direct. If in Ri* the quantity A0 is 
replaced by r A h / G ,  where 

G = r A h / A 0 ,  
(1 2) becomes - 

we = 0-25G(w’0’),/r(Ah). (13) 

Since for pseudo-encroachment G w 1,  and since Ah = 0.25h0 is often a good approxi- 
mation, (13) then becomes synonymous with (11) .  (The tendency for G to exceed 
unity by some 20 yo is often balanced by Ah tending to exceed 0.25h0 by a similar 
amount.) Thus, (12) is as valid for cases of pseudo-encroachment as it is for the two- 
layer system even though (12) does not explicitly contain I?. 

Entrainment versus strati$cation of outer layer. Kantha et al. (1977) and Linden 
(1975) have concluded that for a given value of overall Richardson number the 
dimensionless entrainment rate is very noticeably greater for a two-layer system than 
for the stably stratified outer layer. Their possible explanation at  that time invoked 
the export of energy from the mixed layer to internal gravity waves in the stable 
outer layer in the latter case. This removes kinetic energy that might otherwise be 
utilized for entrainment. In comparing the circles and crosses in figure 12, we find no 
evidence that this result holds for convectively driven turbulence. More recently, 
Kantha (1979a) has argued that the energy drain by internal waves is too small to 
affect the entrainment rate in most cases of interest, and our results support this 
latter conclusion. Entrainment-rate discrepancies between the shear-stress experi- 
ments of Kato & Phillips (1969) which utilized a stable outer layer and those of 
Kantha et al. (1977) which were of the two-layer type are now believed to be associated 
with the importance of the velocity jump across Ah in addition to the friction velocity 
(Price 1979; Kantha 19796). 



Entrainment zone of a convectively mixed layer 

- o t  - + - - - 
1 1 1 t 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  

59 

- o t  - + - - - 
1 1 1 t 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  

I I I I I I I I 

Entrainment into a neutral layer. In the latter stage of E 16 and in an additional 
experiment ( E  17), dfE/dt was measured in the absence of subsidence during and shortly 
after the time that Ab, i.e. 116, had become zero and entrainment was proceeding at  
a maximum rate into a neutral layer. In these two cases E will refer to the height of 
50 yo mixed-layer cover as determined with the aid of the horizontally spread laser 
beam. (Estimates of dh,/dt during the same time periods proved too highly variable 
to be statistically significant, although dh,/dt did then substantially exceed dzldt.) 
The two experiments were very similar except that in E 16 the surface heat flux was 
some 40 % smaller. 

The growth of fE in these two experiments is shown in figure 13. The arrow on the 
abscissa denotes the time, which happened to be the same in each case, at which A6 
was estimated to have first reached zero, judging from the temperature records. In 
each case a section of enhanced growth rate commences at this time. The respective 
growth rates are 0.21w, and 0*27w,. Assuming this difference in values reflects 
sampling error, we find that on the average for free entrainment 

(14) 

This value agrees well with a previous estimate derived from numerical modelling of 
the atmospheric boundary layer by Deardorff (1974). 

Usually, this stage of entrainment is very brief because a new stable layer is quickly 

(dz/dt - W ~ ) / W *  = 0*24( 1 & 0.12). 
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encountered by h,. Another reason, which was even more relevant in our experiments, 
is that the fluid becomes somewhat unstably stratified, on the horizontal average, out 
to z = if the entrainment into the neutral layer persists for a little while. Thus, 
dz/dt in figure 13 (uppermost data points) soon exceeded substantially the limiting 
rate given by (14) for mixed-layer advancement into a neutral layer. 

8. Discussion 
Some of the mixed-layer growth theories which have permitted the capping inver- 

sion to have a, finite thickness have attempted to predict Ah or related thickness by 
means of parcel overshoot theory in which the restoring buoyancy force is made 
proportional to gPI'Ah (e.g., see Zeman & Tennekes 1977) .  From 8 3, however, it is 
instead seen that the maximum restoring buoyancy force is proportional to gPA8, 
since by its very definition A 8  represents the maximum negative temperature anomaly 
a penetrating parcel experiences. Except for cases of pseudo-encroachment, the 
quantities A0 and I'Ah are not related to each other. Although the parameter I' is of 
primary importance in determining how A8 evolves with time, it would seem to be 
of little or no importance in determining Ah a t  any given time. 

A simplistic picture commonly held of the mixed-layer top is that of a continuous 
interface, possibly multivalued a t  some places, which locally undergoes contortions 
and undulations but remains intact. It has probably been known for some time that 
this picture is not very accurate because of entrainment, and in 5 4 it was seen that 
some of the entrainment cusps or wedges have diameters much in excess of the 
Kolmogorov length scale a t  heights below h,. Thus along such paths of entraining 
fluid the local interface is absent. The simple picture becomes even more inaccurate 
when significant amounts of detrained fluid are recognized to exist. It seems to 
require a subjective decision to estimate a t  what point a tongue of detraining fluid can 
no longer be considered mixed-layer fluid, or a t  what value a threshold should be set 
that would locally discriminate between turbulent and non-turbulent fluid. 

The definitions of h, and h,, along with the thickness of the entrainment zone, are 
also open to debate. Although we have defined h, as the maximum height reached 
anywhere in our laboratory tank by a parcel of mixed-layer fluid a t  any given time 
(as smoothed subsequently in time), the equivalent definition for geophysical use 
would be the height a t  which A(z) has decreased to a small value such as 0.01. We 
prefer a very small mixed-layer fraction for the h, criterion because equation (10) 
incorporates the assumption that a(w'e')/az = 0 a t  and above z = h,, a result which 
approximately holds only after a height is reached beyond which scarcely any mixed- 
layer fluid has penetrated. Knowledge of h, is mandatory for developing and testing 
mixed-layer growth theories which involve estimates of A8 and which, therefore, 
require use of (10); only when h, is known can I' and A8 be estimated from observations. 

We have found no evidence that significant amounts of heat flux near or above 
z = h, are carried by growing internal waves (Deardorff 1969)) a possibility that would 
greatly complicate the determination of h,. However we cannot rule out experimentally 
this possibility for turbulent heat fluxes smaller in magnitude than about 0.1 of the 
most negative turbulent heat flux existing a t  z = z, owing to the weak secondary 
circulations existing in the laboratory tank. 

For h,, a definition that A ( z )  lie in the vicinity of 0.9 or 0.95 would seem to be 

- 
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appropriate and more general than that used herein (that it be the height where the 
buoyancy flux first crosses zero). Not only would such an A(h,)  definition coincide 
approximately with the latter one for convectively mixed layers, but it would permit 
the same definition to be used for mixed layers stirred by mechanical turbulence or 
shear-generated turbulence in addition to, or in place of, buoyancy-generated turbu- 
lence. 

It should be noted that little or no information about Ah can be deduced from an 
individual density or temperature sounding. Any particular sounding may chance to 
pass through an active mixed-layer dome or hummock, for which a single jump in 
density or temperature would occur over an extremely small height interval. Or it 
may pass through a region where entrained fluid is partially engulfed a t  several 
different heights, leading to several smaller jumps in temperature or density; or 
along a continuing path of entrainment where no distinct jump in properties may be 
evident. Only the average of several (or many) soundings, preferably nearly simul- 
taneous and separated in space by distances on the order of E ,  can give reliable esti- 
mates of the thickness of the entrainment zone and properties a t  its lower and upper 
edges. However, in the atmosphere the use of only a few soundings, when coupled with 
the use of an 8-band radar (e.g., see Hardy & Ottersten 1969), a lidar (e.g., see Kunkel, 
Eloranta & Shipley 1977), and/or the acoustic sounder (see Hall, Edinger & Neff 
1975), can alleviate these problems. Direct estimates of h, from such equipment are 
especially valuable for its determination when the lapse rate in the unmodified fluid 
aloft is variable and h, otherwise uncertain. 

9. Conclusions 
(i) For a convectively mixed layer driven by buoyancy input a t  the surface, the 

entrainment zone is conveniently defined as the layer (Ah) where the mean buoyancy 
flux is negative (due to entrainment). 

(ii) With this definition, the upper edge of the entrainment zone is found to coincide 
with the greatest height reached by but a very a small fraction of overshooting mixed- 
layer elements. The lower edge is usually found to lie at a height where mixed-layer 
fluid occupies 90 % to 95 % of the area. 

(iii) The mean height of the mixed layer, previously defined as the height of most 
negative mean buoyancy flux, is found to agree roughly with the height at  which 
mixed-layer fluid occupies one-half the area. 

(iv) For values of overall Richardson number (Ri* of (7))  commonly found in the 
atmospheric mixed layer, the entrainment zone as determined in the laboratory has 
a thickness of some 20 yo to 40 yo of the well-mixed depth (ho) .  (Horizontal inhomo- 
geneities over land, especially of surface temperature, may increase Ah/h, substantially 
beyond these values.) The tentative dependence of Ah/ho upon Ri* is found to be 

Ah/h, = 0.21 + 1-31(Ri*)-l 
above an ideal, horizontally homogeneous surface. 

(v) When the mixed layer grows into a region where a8,Iaz is constant and of 
significant magnitude, both Ah and A8 tend to be constant in time and pseudo- 
encroachment (see (1  1)) occurs. An indicator of its occurrence appears to be that I' 
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equal or exceed AO/Ah, which means that no distinct capping inversion is then 
noticeable in a horizontal-mean temperature sounding. 

(vi) When the mixed layer grows into a neutral layer, the rate of advancement of 
the 50 yo coverage height is found to be 

W ,  = 0*24(1 f 0.12) w*. 

(vii) An entrainment rate relation which adequately fits the present data is 

w,/w* = 0*25(Ri*)-l  

although a dependence as steep as (Ri*)-% cannot be ruled out because of data scatter. 
(viii) Temporary detrainment of mixed-layer fluid is an important process within 

the entrainment zone. A t  any given time, up to 30 % of the mixed-layer matter near 
the middle of the entrainment zone appears to be partially diluted detrained debris. 

(ix) Because of both detrainment and entrainment, the outer edge of the mixed 
layer cannot be rigorously treated as a continuous, intact undulating surface. Its 
precise local placement moreover depends upon whether its definition is based upon 
a contrast in intensity of vorticity or turbulence, or upon contrast in concentration 
of a conservative Lagrangian tracer. 

(x) The uppermost hummocks or domes of the convectively mixed layer in our 
laboratory closely resemble cumulus-humilis clouds. 
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Appendix 
To obtain (6), the simplified vertical equation of motion following a parcel is utilized: 

w d w p z  = - g p p  - e,,), (A 1) 

where 0 is the parcel temperature identified with the mixed-layer mean value, Om, 
and O,, is identified as environmental fluid existing just outside the mixed layer, as 
in a two-layer system. Integration from z = h,, where w = w,, to z = h,, where w of 
the effective parcel is just zero, produces 

W! = 2gpAOAh. (A 2 )  

w;/w: = cn (A 3) 

Ahlh, = &"(Ri*)-l (A 4) 

Upon assuming 

we obtain, approximately, 

as in (6). 
We may note, however, that in place of O,, in (A 1) we should use the horizontally 

averaged value, 8, as defined in (4a).  Then the vertical velocity of the parcel will be 
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reckoned relative to zero, as desired, when W = 0,  and a parcel may be considered as 
rising within a pre-existing mixed-layex dome. Thus (A 1) becomes 

wdw/d[  = - [l-  A([)]g/3AeAh, (A 5 )  

where dz  has been replaced by [Ah (see (1) ) .  Upon parametrizing A ( [ )  in figures 5 
and 6 by the cubic polynomial 

A(5) = 0.95 - 0.26[- 2*33C2 + 1.645' (A 6) 

Ahfh, = 0.9dr(Ri*)-f, (A 7) 

we find that vertical integration from 6 = 0 to [ = 1 yields 

which differs from (A 4) only in the greater magnitude of the proportionality constant. 
In order to obtain behaviour of Ahlh, which approximates that observed, while 

retaining the present simplification of the parcel framework, we must postulate that 
wo/w* in (A 3) is a function of Ri*. Only upon assuming 

(A 8 )  
do we obtain 

(A 9) 
as in (9). 

Any attempt to rationalize (A 8) will recognize that w, typifies a vertical velocity 
at h, far out along the positive tail of the w frequency distribution. For Ri* = 10, for 
example, and for uL(h,)/w2, = 0.2 from Willis & Deardorff (1974), one finds that 
w,, = 4.3uW, where u,,, is the standard deviation in w. Such a value, though large, 
may not be too unreasonable. However, (A 8) is unreasonable for large Ri*. The 
inference is that the simplistic parcel theory suffers grave errors that become in- 
tolerable with increasing Ri*. 

wX/w$ = 1.46 + 0*23Ri* 

Ahlh, = 0.21 + 1*31(Ri*)-l 
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FIGURE 2 .  Plan-view photographs from oxperiment E7 of mixed-layer fluid rendered visible by 
a dilute milk solution intercepted by the horizontally spread laser beam a t  a height of 0.278 m. 
Light beam passes from left to right. (a )  t = 513 s ,  < = 0.87; ( b )  t = till s ,  5 = 0 . 7 7 ;  (c) 
t = 673 s, 5 = 0.71; ( d )  t = 719s, 5 = 0.60; ( e )  t = 1040s, 5 = 0.46;  t = 0 corresponds to 
the approximate time of initiation of the convection. 
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FIGURE 9. Side views of a vertical slice of the mixed layer along the centre of the convection 
tank .Distance between tick marks a t  right side in each photo is 0.113 m. Light passes from 
right to left. The average Kolmogorov length is 1.2 mm within Ah.  (a) t = 363 s, w* = 9.3 mrn 
s-l, h, = 0.23 m;  ( 6 )  t = 1068 s ,  u1* = 8.8 mm srl, h, = 0-28 m. Short arrows denote some of 
the regions in which active detrainment is under way; long arrows point to matter that can 
be considered already detrained. 

FIGURE 10. Oblique view from above of uppermost hummocks of the mixed layer at tima 
t = 320 s in an experiment like E6,  showing the resemblance to cumulus-humilis clouds. 
Illumination is from both sides and is blocked below the simulated cumulus cloud base at a 
height of about 0.28 m. Converging lines on the left and right side walls are located at  a height 
of 0.31 m, and are a distance 1.14 m apart. 

DEARDORFF, WILLIS AND STOCKTON 


